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A NEW CONSTRUCTION OF NATURALLY REDUCTIVE SPACES
REINIER STORM
Abstract. A new construction of naturally reductive spaces is presented. This con-
struction gives a large amount of new families of naturally reductive spaces. First the
infinitesimal models of the new naturally reductive spaces are constructed. A concrete
transitive group of isometries is given for the new spaces and also the naturally reductive
structure with respect to this group is explicitly given.
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1. Introduction
Naturally reductive spaces form the simplest class of Riemannian homogeneous spaces.
They contain the symmetric spaces but also many other non-symmetric homogeneous
spaces. The naturally reductive structure on a homogeneous Riemannian manifold is a
metric connection ∇ with totally skew-symmetric torsion T and such that ∇T = ∇R = 0,
where R is the curvature tensor of ∇. In particular naturally reductive spaces are simple
examples of spaces with metric connection with totally skew-symmetric. In recent years
there is an increasing interest in such structures together with parallel spinors (e.g. [4] and
references therein).
The simple geometric and algebraic properties of naturally reductive spaces allows one
to classify them in small dimensions. This has been done in [12, 7, 8] in dimension 3, 4, 5
and more recently in dimension 6 in [1]. In [1] there are also some interesting G-structures
described on the naturally reductive spaces, where the naturally reductive connection is also
a characteristic connection for the G-structure. In a forthcoming paper we investigate how
the construction presented here relates to the classification problem of naturally reductive
spaces.
Our construction produces many new examples of naturally reductive spaces. All of
these spaces have a non-semisimple transvection algebra and are not normal homogeneous
1
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with its canonical naturally reductive structure. To our knowledge the only such con-
struction is by Gordan in [5]. Here she constructs naturally reductive structures on 2-step
nilpotent Lie groups. The construction presented here can be seen as a generalisation of
the above mentioned construction of the 2-step nilpotent Lie groups. Our construction
starts with three pieces of data. We take a naturally reductive space M together with a
Lie algebra k with an ad(k)-invariant metric on k. The algebra k is a certain subalgebra
of derivations of the transvection algebra of M . From this data we can construct a new
naturally reductive space which is a homogeneous fiber bundle over M . If the naturally
reductive space we start with is the symmetric space Rn and k ⊂ so(n) is a subalgebra
together with any ad(k)-invariant metric then we obtain exactly the 2-step nilpotent Lie
groups with a naturally reductive structure from [5]. However we can start with any base
space and a suitable subalgebra k and obtain many new examples of naturally reductive
spaces which are not normally homogeneous with their canonical connection.
In Section 2 we briefly discuss infinitesimal models of homogeneous spaces and the No-
mizu construction (cf. [11]).
In Section 3 we define the construction. We do this by defining a new pair of tensors
(T,R) form an original infinitesimal model (T0, R0) on (m, g0) of a naturally reductive space
and a certain Lie subalgebra k of the transvection algebra of the model (T0, R0) together
with an ad(k)-invariant metric B on k. We prove that the new pair (T,R) defines an
infinitesimal model of a naturally reductive space on (k⊕m, g = B + g0).
In Section 4 we apply the Nomizu construction to our new infinitesimal models. For this
we will not use the transvection algebra of the new model, but a Lie algebra which is known
as the double extension, see [9], of the transvection algebra of the base space by the Lie
algebra k. A condition is given when the new infinitesimal models (T,R) are regular. For
every constructed space an explicit transitive group of isometries is given and the naturally
reductive structure, i.e. the left invariant objects (g, T,R) are described on the Lie algebra
of this explicit group of isometries. We will illustrate some of the new types of naturally
reductive spaces with explicit examples.
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2. Preliminaries
Let (M = G/H, g) be a Riemannian homogeneous manifold. Let g and h be the Lie
algebras of G and H, respectively. Let
g = h⊕m
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be some reductive decomposition. The reductive decomposition induces a left invariant
connection on the principle H-bundle G → G/H called the canonical connection of the
complement m. Its horizontal distribution is defined by
TgG ⊃ Hg = dLg(m),
where Lg : G → G is the left multiplication by g ∈ G. The tangent bundle of M is
the associated bundle TM ∼= G ×Ad(H) m. For X ∈ g let X denote the corresponding
fundamental vector field:
X(p) :=
d
dt
∣∣∣∣
t=0
etX · p ∈ TpM.
We will denote the chosen origin of our homogeneous space by o. Remember that m is
canonically identified with the tangent space at the origin by
X 7→ X(o) ∈ ToM. (2.1)
The associated covariant derivative on TM , denoted ∇, of the canonical connection has
parallel torsion and curvature: ∇T = ∇R = 0. Having a connection with parallel torsion
and curvature characterizes locally homogeneous spaces:
Theorem 1 ([2]). A Riemannian manifold is locally homogeneous if and only if there exists
a metric connection ∇ with torsion T and curvature R such that
∇T = ∇R = 0. (2.2)
A metric connection satisfying (2.2) is called an Ambrose-Singer connection. If M is in
addition to the above theorem complete, then its universal cover is globally homogeneous.
The torsion T and curvature R of an Ambrose-Singer connection are completely determined
by their values at ToM ∼= m. The pair of tensors (T,R):
T : Λ2m→ m, R : Λ2m→ so(m), (2.3)
satisfies
R(X,Y ) · T = R(X,Y ) ·R = 0 (2.4)
SX,Y,ZR(X,Y )Z −ST (T (X,Y ), Z) = 0 (B.1)
SX,Y,ZR(T (X,Y ), Z) = 0, (B.2)
where SX,Y,Z denotes the cyclic sum over X,Y and Z and · denotes the natural action
of so(m) on tensors. The first equation encodes that T and R are parallel objects for ∇
and under this condition the first and second Bianchi identity become equations (B.1) and
(B.2), respectively. A pair of tensors (T,R) as in (2.3) on a vector space m with a metric
g satisfying (2.4), (B.1) and (B.2) is called an infinitesimal model on (m, g). From the
infinitesimal model (T,R) of a homogeneous space one can construct a homogeneous space
with infinitesimal model (T,R). This construction is known as the Nomizu construction
which is discussed briefly below.
Let
h := {h ∈ so(m) : h · T = h · R = 0}.
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The Nomizu construction associates to every infinitesimal model a Lie algebra
g = h⊕m, (2.5)
by defining the following Lie bracket: A,B ∈ h, X,Y ∈ m
[A+X,B + Y ] := [A,B]so(m) −R(X,Y ) +A(Y )−B(X)− T (X,Y ). (2.6)
This bracket satisfies the Jabobi identity if and only if R and T satisfy the equations (2.4),
(B.1) and (B.2). Now we take the simply connected Lie group G with Lie algebra g and let
H be the connected subgroup with Lie algebra h. The infinitesimal model is called regular
if H is a closed subgroup of G. If this is the case then clearly the canonical connection on
G/H has the infinitesimal model (T,R) we started with. In [11, Thm. 5.2] it is proved
that every infinitesimal model coming from a globally homogeneous Riemannian manifold
is regular.
Remark 2. Let (T,R) be an infinitesimal model on (m, g) with Lie algebra g = h ⊕ m as
in (2.5). Note that equation (2.4) implies that im(R) ⊂ h. Let p ⊂ h be any subalgebra
with im(R) ⊂ p. Then g′ := p ⊕ m ⊂ g is also a subalgebra. Let G′ be a Lie group with
Lie algebra g′ and let P ⊂ G′ be the connected subgroup with Lie subalgebra p ⊂ g′. If
P ⊂ G′ is closed then the canonical connection on G′/P from the decomposition g′ := p⊕m
has the infinitesimal model (T,R). Hence by [11, Thm. 5.2] the model (T,R) is regular.
Conversely if (T,R) is regular then H ⊂ G is closed, where G is the simply connected Lie
group with Lie algebra g and H is the connected subgroup with Lie subalgebra h. Let
G′ ⊂ G be a connected subgroup with Lie subalgebra g′. Then G′ acts transitively on
G/H. Hence the isotropy group P is closed. Note that P is a subgroup of G′ with Lie
subalgebra p ⊂ g′.
We will call a Riemannian manifold (M,g) naturally reductive if there exists a transitive
group G of isometries with isotropy group H and a reductive decomposition g = h ⊕ m
such that the canonical connection has totally skew symmetric torsion. Since the torsion
of the canonical connection is given by
T (X,Y )o = −[X,Y ]m, (2.7)
the naturally reductive condition on the Lie algebra g is explicitly given by:
g([X,Y ]m, Z) = −g(Y, [X,Z]m), ∀X,Y,Z ∈ m,
where the metric on m, which we also denote by g, comes from the linear isomorphism (2.1).
From now on every homogeneous space will be naturally reductive. We use the metric to
make the identification Λ2m ∼= so(m). For naturally reductive spaces the curvature tensor
R : Λ2m→ Λ2m is a symmetric map with respect to the Killing form of so(m) and equation
(B.2) holds automatically, see [1]. Throughout this paper we will identify m with its dual
m∗ using the metric g. In this way we see T as an element in Λ3m and R as an element in
Λ2m⊙ Λ2m, where ⊙ denotes the symmetric tensor product.
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Remark 3. The first Bianchi identity is equivalent to (cf.[1])
RΛ
4
= 2σT :=
m∑
i=1
(eiyT ) ∧ (eiyT ),
where RΛ
4
denotes the 4-form component of the curvature tensor R. In other words
RΛ
4
= b(R), where b is the Bianchi map:
b(R)(X,Y,Z, V ) =
1
3
(R(X,Y,Z, V ) +R(Y,Z,X, V ) +R(Z,X, Y, V )).
3. The construction
In this section we let (M = G/H, g0) be a naturally reductive manifold with respect
to the canonical connection, ∇, of a reductive decomposition g = h ⊕ m. Note that this
implies that im(R0) ⊂ ad(h), where R0 is the curvature tensor of ∇. Let T0 ∈ Λ3m be the
torsion of ∇. We define the following Lie algebra
s(g) := {f ∈ Der(g) : f(h) = {0}, f(m) ⊂ m, f |m ∈ so(m)}. (3.1)
We will usually simply write s instead of s(g).
Remark 4. Let g = h⊕m be as in equation (2.5) for an infinitesimal model of a naturally
reductive space. Let g′ = p⊕ m with im(R) ⊂ p ⊂ h then s(g) ⊂ s(g′). In particular s(g′)
is largest when p = im(R). Note that im(R) is a subalgebra of h by equation (2.4). For
this reason we will often pick the reductive decomposition p⊕m with p = im(R).
Let k ⊂ s be a subalgebra and let ϕ : k → so(m) the natural faithful Lie algebra
representation. Because of this faithful representation we know that k is a compact Lie
algebra and thus k admits positive definite ad(k)-invariant metrics. Let B be some ad(k)-
invariant metric on k. Later on we will have two copies of the Lie algebra k. To keep
notation consistent with the sequel we let n = k be the other copy, even though at this
moment this notation has no use.
Definition 5. Let g = B + g0 be a metric on n⊕m with B any ad(k)-invariant metric on
n. Let k1, . . . , kl be an orthonormal basis of k and denote by n1, . . . , nl the corresponding
basis of n. We define a pair of tensors (T,R), T ∈ Λ3(n⊕m) and R : Λ2(n⊕m)⊙Λ2(n⊕m),
by
T = T0 +
l∑
i=1
ϕ(ki) ∧ ni + 2Tn, (3.2)
where
Tn(X,Y,Z) = B([X,Y ], Z), for X,Y,Z ∈ n,
and [−,−] is the Lie bracket of n = k, and ϕ(ki) ∈ so(m) ∼= Λ2m is identified with a 2-form
on m. For the following Lie algebra representation we use the notation:
ψ = ad⊕ ϕ : k→ so(n⊕m),
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where ad : k → so(k) = so(n) is just the adjoint representation. The curvature tensor R is
defined as
R = R0 +
l∑
i=1
ψ(ki)⊙ ψ(ki), (3.3)
We call the pair (T,R) the (k, B)-extension of (T0, R0).
We will prove that (T,R) defines an infinitesimal model of a naturally reductive space
on (n⊕m, g). For this we have to show that T and R are invariant under im(R) and that
the first Bianchi identity is satisfied. To prove this we first have a little algebraic lemma.
Definition 6. Let (V, g) be a finite dimensional vector space with a positive definite metric
g. Let α ∈ ΛpV and β ∈ ΛqV then we define a (p+ q − 2)-form by
α ⊼ β =
n∑
i=1
(eiyα) ∧ (eiyβ),
where e1, . . . , en is an orthonormal basis of V .
Note that the operation α ⊼ β is independent of the basis. One easily checks that:
Lemma 7. If α ∈ Λ2V ∼= so(n) and β ∈ ΛqV then α⊼β = α·β, where · denotes the standard
action of so(n) on ΛqV as derivations. Furthermore if α, β ∈ Λ2V then α · β = [α, β].
Proposition 8. Let T0, T , R0 and R be as in Definition 5. Then the tensors T0, R0, T
and R are im(R)-invariant.
Proof. It suffices to show that T0, R0, T and R are invariant under im(R0) + ψ(k), because
im(R) ⊂ im(R0) + ψ(k) ⊂ so(n⊕m).
For every k ∈ k and X, Y, Z ∈ m we have
(ψ(k) · T0)(X,Y,Z) = −T0(ψ(k)(X), Y, Z) − T0(X,ψ(k)(Y ), Z)− T0(X,Y, ψ(k)(Z))
= g([ψ(k)(X), Y ], Z) + g([X,ψ(k)(Y )], Z) + g([X,Y ], ψ(k)(Z))
= g([ψ(k)(X), Y ], Z) + g([X,ψ(k)(Y )], Z)− g([ψ(k), [X,Y ]], Z) = 0.
Hence we get that ψ(k) stabilizes T0. The invariants of Tn under ψ(k) is just the Jacobi
identity of n = k. To see that the second term in (3.2) is invariant under k we do a little
computation. Let k ∈ k
ψ(k) ·
(
l∑
i=1
ϕ(ki) ∧ ni
)
=
(
l∑
i=1
[ϕ(k), ϕ(ki)] ∧ ni + ϕ(ki) ∧ ad(k)(ni)
)
.
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For the second term we have
l∑
i=1
ϕ(ki) ∧ ad(k)(ni) =
l∑
i,j=1
ϕ(ki) ∧B([k, ni], nj)nj =
l∑
i,j=1
ϕ(B([k, ni], nj)ki) ∧ nj
=
l∑
i,j=1
−ϕ(B([k, nj ], ni)ki) ∧ nj =
l∑
i,j=1
−ϕ(B([k, kj ], ki)ki) ∧ nj
=
l∑
j=1
−ϕ([k, kj ]) ∧ nj =
l∑
j=1
−[ϕ(k), ϕ(kj)] ∧ nj. (3.4)
Plugging these results back into the first line we see that
ψ(k) ·
(
l∑
i=1
ϕ(ki) ∧ ni
)
= 0.
This shows that T is invariant under ψ(k). We have im(R0) ⊂ so(m) ⊂ so(n ⊕ m), so
im(R0) acts trivially on n. This immediately tells us that im(R0) leaves Tn invariant. The
definition of s gives us that for every k ∈ k ⊂ s, h ∈ h and m ∈ m we have
k([h,m]) = [k(h),m] + [h, k(m)] = [h, k(m)].
This implies that ϕ(k) commutes with every element of ad(h). By Lemma 7 we immediately
see that im(R0) also leaves the second summand of (3.2) invariant. This concludes that T0
and T are invariant under im(R).
The tensor R0 is invariant under ψ(k), since ψ(k) commutes with im(R0). The same
argument also tells us that
∑l
i=1 ψ(ki) ⊙ ψ(ki) is invariant under im(R0). Lastly, by a
similar computation as (3.4) one can see that the tensor
∑l
i=1 ψ(ki) ⊙ ψ(ki) is invariant
under ψ(k). We conclude that R0 and R are im(R)-invariant. 
Proposition 9. The pair of tensors (T,R) from Definition 5 satisfies the first Bianchi
identity.
Proof. Let e1, . . . , en be an orthonormal basis of m. We will compute σT using the following
definition
σT =
1
2

 n∑
p=1
(epyT ) ∧ (epyT ) +
l∑
i=1
(niyT ) ∧ (niyT )

 .
For (epyT ) ∧ (epyT ) ≡ (eiyT )∧2 we have
(eiyT )
∧2 = (epyT0)
∧2 + 2
l∑
i=1
(epyT0) ∧ ϕ(ki)(ep) ∧ ni +
l∑
i,j=1
ϕ(ki)(ep) ∧ ni ∧ ϕ(kj)(ep) ∧ nj
= (epyT0)
∧2 + 2
l∑
i=1
(epyT0) ∧ ϕ(ki)(ep) ∧ ni −
l∑
i,j=1
ϕ(ki)(ep) ∧ ϕ(kj)(ep) ∧ ni ∧ nj.
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Now we sum these three summands over p. The first summand this gives
2σT0 =
n∑
p=1
(epyT0) ∧ (epyT0),
For the second we obtain
2
n∑
p=1
l∑
i=1
(epyT0) ∧ ϕ(ki)(ep) ∧ ni = 2
l∑
i=1
(ϕ(ki) ⊼ T0) ∧ ni
= 2
l∑
i=1
(ϕ(ki) · T0) ∧ ni = 0,
where we used Lemma 7 and the last equality follows from the fact that ϕ(ki) stabilizes
T0. For the third summand we again use Lemma 7 and obtain:
−
n∑
p=1
l∑
i,j=1
ϕ(ki)(ep) ∧ ϕ(kj)(ep) ∧ ni ∧ nj = −
l∑
i,j=1
[ϕ(ki), ϕ(kj)] ∧ ni ∧ nj
= −2
l∑
i=1
ϕ(ki) ∧ ad(ki),
where ad(ki) ∈ so(k) ∼= Λ2n and the last equality follows from:(
l∑
i=1
ϕ(ki) ∧ ad(ki)
)
(np, nq) =
l∑
i=1
ϕ(B([ki, np], nq)ki)
=
l∑
i=1
ϕ(B(ki, [kp, kq])ki) =
l∑
i=1
ϕ(B(ki, [kp, kq])ki)
= ϕ([kp, kq]) = [ϕ(kp), ϕ(kq)]
=
1
2

 l∑
i,j=1
[ϕ(ki), ϕ(kj)] ∧ ni ∧ nj

 (np, nq).
The last term to compute for σT is
l∑
i=1
(niyT ) ∧ (niyT ) =
l∑
i=1
(ϕ(ki) ∧ ϕ(ki) + 4ϕ(ki) ∧ (niyTn)) + 2σ2Tn
=
l∑
i=1
(ϕ(ki) ∧ ϕ(ki) + 4ϕ(ki) ∧ (niyTn))
=
l∑
i=1
(ϕ(ki) ∧ ϕ(ki) + 4ϕ(ki) ∧ ad(ki),
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here we used the Jacobi identity for n in the form σTn = 0:
2σTn(X,Y,Z) =
l∑
i=1
(niyT ) ∧ (niyT )(X,Y,Z) =
(
l∑
i=1
ad(ki) ∧ ad(ki)
)
(X,Y,Z)
= SX,Y,Z
l∑
i=1
B([ki,X], Y )[ki, Z] = S
X,Y,Z [[X,Y ], Z] = 0. (3.5)
Summing all the terms we obtain that
σT = σT0 +
1
2
l∑
i=1
(2ϕ(ki) ∧ ad(ki) + ϕ(ki) ∧ ϕ(ki)) .
Computing RΛ
4
is a bit easier. We have
RΛ
4
= RΛ
4
0 +
l∑
i=1
(ϕ(ki) + ad(ki)) ∧ (ϕ(ki) + ad(ki))
= RΛ
4
0 +
l∑
i=1
ϕ(ki) ∧ ϕ(ki) + ad(ki) ∧ ad(ki) + 2ϕ(ki) ∧ ad(ki)
= RΛ
4
0 +
l∑
i=1
ϕ(ki) ∧ ϕ(ki) + 2ϕ(ki) ∧ ad(ki).
Here we used that
∑l
i=1 ad(ki) ∧ ad(ki) = 0 by (3.5). Hence we see that this torsion and
curvature satisfy the Bianchi identity. 
We obtain one of our main results directly from Proposition 8 and 9:
Theorem 10. Let (T0, R0) be an infinitesimal model of a naturally reductive space on
(m, g0). Any (k, B)-extension (T,R) defines an infinitesimal model of a naturally reductive
space on (n⊕m, g = B + g0).
Note that there can be a multitude of different Lie algebras k ⊂ s for a given infinitesimal
model (T0, R0), e.g. Example 22. Also any ad(k)-invariant metric B on k gives us a (k, B)-
extension. This means that the newly constructed infinitesimal models always come with
a parameter family of naturally reductive structures.
The next thing we will do is apply the Nomizu construction to the new infinitesimal
models we just constructed.
Definition 11. Let (T0, R0) be an infinitesimal model of a naturally reductive space on
(m, g0). Let h := im(R0) and let (T,R) be a (k, B)-extension of (T0, R0). We define the
following vector space
g(k) := h⊕ k⊕ n⊕m
together with g := B+ g0 as metric on n⊕m. In the proof of Proposition 8 we proved that
ad⊕ ψ : h⊕ k→ {h ∈ so(n⊕m) : h · T = h · R = 0}.
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We can define a Lie bracket by (2.6) for the pair (T,R). This vector space g(k) is a
subalgebra of (2.5) for the pair (T,R) by Remark 2. We will call h ⊕ k the isotropy
subalgebra of g(k).
Remark 12. The constructed Lie algebra g(k) is known as the double extension of g by
k. This construction is used in [9] to describe the set of all Lie algebras which possess an
invariant non-degenerate bilinear form.
Whenever we will construct a reductive decomposition g(k) = h⊕k⊕n⊕m from g = h⊕m
then we will call g = h ⊕ m the base space and g(k) = h ⊕ k ⊕ n ⊕ m the total space. In
the next section we briefly discuss that if both the base space and the total space are
regular then the total space is a homogeneous fiber bundles over the base space and the
fiber directions are n. We would like to point out that it is also possible to start from a
locally homogeneous space (T0, R0) which is not globally homogeneous and still obtain a
globally homogeneous space with infinitesimal model (T,R).
4. Further investigation of the spaces g(k)
In this section we will investigate when the newly constructed infinitesimal models (T,R)
are regular. For particular base spaces we will explicitly give a transitive group of isometries
for the infinitesimal models (T,R) and describe the naturally reductive structure on its Lie
algebra. From now on G(k) will denote the simply connected Lie group with Lie algebra
g(k) and H(k) will be the connected subgroup with subalgebra h(k). By Remark 2 we have
that H(k) is closed is G(k) if and only if the infinitesimal model (T,R) is regular.
The first thing we want to point out is that the diagonal
∆k ⊂ k⊕ k ∼= k⊕ n ⊂ g(k)
is a non-trivial Abelian ideal of g(k). In particular g(k) is never semisimple. We will denote
∆k ⊂ k⊕ n by a.
Lemma 13. Let g(k) be the Lie algebra from Definition 11, then the following hold:
i) a commutes with h⊕m,
ii) the linear subspace a ⊂ g(k) is an Abelian ideal,
iii) l := h⊕ a⊕m is an ideal,
iv) g(k) ∼= k⋉ (h⊕ a⊕m).
Proof. i) Let k + n ∈ a and m ∈ m then
[k + n,m] = ϕ(k)m − T (n,m)−R(n,m) = ϕ(k)m − T (n,m) = ϕ(k)m − ϕ(k)m = 0.
We used that R(n,m) = 0 for n ∈ n and m ∈ m. This follows directly from the symmetries
of R and the (h⊕ k)-invariance of the direct sum n⊕m. Let h ∈ h then we already saw in
Proposition 8 that h commutes with k and that it acts trivially on n. In particular h will
commutes with a.
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ii) Let n+ k ∈ a and n′ + k′ ∈ a. We have that
[n′, n+ k] = [n′, n] + [n′, k] = −2[n′, n]n −
l∑
i=1
B([ki, n
′], n)ki + [n
′, k]
= −[n′, n]n −
l∑
i=1
B([ki, n
′], n)ki = −[n′, n]n −
l∑
i=1
B(ki, [k
′, k])ki
= −[n′, n]n − [k′, k] ∈ a,
where [−,−]n denotes the Lie bracket in n. Furthermore we have [k′, n + k] = [n′, n]n +
[k′, k] ∈ a. In particular we see that [n′ + k′, n + k] = 0, thus a is Abelian. Moreover we
have that [k⊕ n, a] ⊂ a and together with i) we see that a is an ideal.
iii) We already know that [h ⊕ k, l] ⊂ l. For n ∈ n and m ∈ m we have by i) that
[n,m] = [k,m] ∈ m, where k ∈ k is such that n+ k ∈ a. This gives us that [h⊕ k⊕ n, l] ⊂ l.
The only remaining thing to check is that for m1,m2 ∈ m also [m1,m2] ∈ h⊕ a⊕m. This
is equivalent to [m1,m2]k⊕n ∈ a. A short computation gives
[m1,m2]k⊕n = −
l∑
i=1
ϕ(ki)(m1,m2)ni + ψ(ki)(m1,m2)ki
= −
l∑
i=1
ϕ(ki)(m1,m2)(ni + ki) ∈ a.
iv) It only remains to note that k is a subalgebra of g(k) = k⊕ (h⊕ a⊕m). 
Remark 14. It was pointed out to us by Y. Nikonorov that the vectors in a constitute
Killing vectors of constant length on G(k)/H(k) as is proven in [10]. Note that the Lie
algebra g(k) we consider doesn’t have to be the full Lie algebra of Killing fields as is the
case in [10]. However one easily checks that the proves remain valid.
For now we assume that the newly constructed infinitesimal model (T,R) from an infin-
itesimal model (T0, R0) is regular. As mentioned before this is equivalent to the subgroup
H(k) ⊂ G(k) being closed. Furthermore we assume that the base space G/H is also regular
and simply connected. We show that G(k)/H(k) is a homogeneous fiber bundle over G/H
and that the bundle map G(k)/H(k) → G/H is a Riemannian submersion. From Lemma 13
we know that r := h⊕k⊕a = h⊕k⊕n is a subalgebra of g(k) and that r⊕m is a reductive de-
composition. Now we have that ad : r→ so(m) maps into {h ∈ so(m) : h·T0 = 0, h·R0 = 0}
by Proposition 8. Let q denote the kernel of this map. Then we have that q ⊂ r⊕m is an
ideal and that (r ⊕ m)/q is naturally identified with a subalgebra of the isometry algebra
isom(G/H) of G/H. Note that a ⊂ q. This quotient map from g(k) = r ⊕ m into to
isom(G/H) lifts to G(k), because G(k) is simply connected. Hence the group G(k) acts
on G/H by isometries. The stabilizer group of the origin of G/H is a closed subgroup R
of G(k). We readily see that Lie(R) = r. This means that we have a homogeneous fiber
bundle which is a Riemannian submersion
R/H(k) — G(k)/H(k) → G(k)/R ∼=
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The fibers R/H(k) are connected by the long homotopy exact sequence and are described
by the reductive decomposition
h⊕ k⊕ n,
with h⊕k the isotropy algebra. The canonical connection of this reductive decomposition is
clearly a naturally reductive connection. Let A be the connected subgroup of G(k) with Lie
algebra a. Note that A ⊂ R acts already transitively and by isometries on the fibers. Since
A is an Abelian Lie group this means that the universal cover of R/H(k) is isomorphic
to the symmetric space Rl. The torsion Tf and curvature Rf of the naturally reductive
connection on the fiber Rl are given by
Tf = 2Tn and Rf =
l∑
i=1
ad(ki)⊙ ad(ki),
where Tn is as in Definition 5.
Now we will investigate for certain types of base spaces what kind of naturally reductive
spaces our construction gives. For every constructed space we will give an explicit transitive
group of isometries and we will describe the naturally reductive structure, i.e. the left
invariant objects (g, T,R) on the Lie algebra of this explicit group of isometries.
4.1. Base space with g semisimple
In this section we will assume that g is a semisimple Lie algebra. Let (M,g0) = (G/H, g0)
be a naturally reductive space with respect to the canonical connection of a reductive
decomposition g = h ⊕ m with infinitesimal model (T0, R0). Furthermore we assume that
G and G/H are simply connected. By Remark 4 we can without loss of generality assume
that
im(R0) = ad(h) ⊂ so(m).
Note that this means that for the reductive decomposition g = h ⊕ m we have that g =
[m,m]+m and then a result by Kostant ([6], see also [3]) tells us that there exists a unique
ad(g)-invariant metric on g whose restriction to m is the naturally reductive metric g0 and
its restriction to h is non-degenerate. Moreover for this metric h and m are orthogonal to
one another. We will denote the ad(g)-invariant metric on g by g. Note that the metric g
can have signature.
Remark 15. We would like to point out that there are many naturally reductive spaces
which satisfy the above requirements. We can take any compact simple Lie group G with
any closed subgroup H and then g = h⊕ h⊥ = h⊕ m is a reductive decomposition, where
the orthogonal complement is taken with respect to a multiple of the Killing form. In
particular these spaces are normal homogeneous. The canonical connection is naturally
reductive with respect to the Killing form on g restricted to m, moreover im(R0) = ad(h).
Also for G compact and semisimple there are many examples. The difference is that
im(R0) = ad(h) doesn’t hold automatically for every subgroup H. Also for G non-compact
and semisimple it is not hard to construct examples.
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Since g is semisimple all derivations of g are inner derivations. We see that the Lie
algebra s is given by
s = z⊕ p,
where z is the center of h and p are all vectors on which h acts as zero:
p := {m ∈ m : [h,m] = 0, ∀h ∈ h}.
Let k ⊂ s be a subalgebra with an ad(k)-invariant metric B. We will denote the corre-
sponding subalgebra of k in g by b. Let bp := b ∩ p and bz := b⊥p , where the orthogonal
complement is taken in b with respect to B. Note that b = bz⊕ bp and that both bz and bp
are ideals in b. We denote the corresponding decompositions of n, k and a by n = nz ⊕ np,
k = kz ⊕ kp and a = az ⊕ ap, respectively. Let b1, . . . , bl be an orthonormal basis of b with
respect to B. Denote the corresponding basis of n by n1, . . . , nl and that of k by k1, . . . , kl.
Define the following linear map
a : g→ g(k); a(x) :=
l∑
i=1
g(x, bi)(ni + ki).
With the help of the following lemma we will see that g is a subalgebra of g(k). It will
always be clear from the context whether an element x ∈ m or x ∈ h belongs to g or g(k).
Lemma 16. The linear map f : g→ g(k) defined by
f(x) = x− a(x)
is an injective Lie algebra homomorphism.
Proof. In the following we will denote the Lie bracket on g(k) by [−,−] and the Lie bracket
on g by [−,−]g. Let h ∈ h ⊂ g and x ∈ g. Using that a(x) ∈ a for all x ∈ g we get by
Lemma 13 that
[f(h), f(x)] = [h− a(h), x − a(x)] = [h, x] = [h, x]g = f([h, x]g),
A NEW CONSTRUCTION OF NATURALLY REDUCTIVE SPACES 14
where the last equality follows because [h, x]g ∈ p⊥ ⊂ m. It remains to check that for all
m1,m2 ∈ m the following holds f([m1,m2]g) = [f(m1), f(m2)]. We compute the right-
hand-side of this equation:
[f(m1), f(m2)] = [m1 − a(m1),m2 − a(m2)] = [m1,m2]
= −T (m1,m2)−R(m1,m2)
= −T0(m1,m2)−R0(m1,m2)−
l∑
i=1
ϕ(ki)(m1,m2)(ni + ki)
= [m1,m2]g −
l∑
i=1
g([bi,m1]g,m2)(ni + ki)
= [m1,m2]g −
l∑
i=1
g([m1,m2]g, bi)(ni + ki)
= f([m1,m2]g).

Note that the ideal l = h ⊕ a ⊕ n from Lemma 13 iv) is equal to the direct sum of Lie
algebras l := f(g)⊕ a. Also the projection of
f(g)⊕ ap ⊂ g(k)
along h⊕ k onto n⊕m is surjective. We have an injective Lie algebra homomorphism
φ := f ⊕ i : g⊕ ap → g(k),
where i : ap → g(k) is the inclusion. Let Φ : G × Rlp → G(k) be the induced Lie group
homomorphism on the simply connected Lie group G × Rlp , where lp = dim(ap). Suppose
that H(k) ⊂ G(k) is closed, i.e. (T,R) is regular. Then G × Rlp acts transitively on
G(k)/H(k) through the map Φ.
Let h0 := ker(a|h). This is an ideal in h, because for h0 ∈ h0 and h ∈ h
a([h0, h]) =
l∑
i=1
g([h0, h], bi) =
l∑
i=1
g(h0, [h, bi]) = 0.
Let h1 ⊂ h a complementary ideal, this exists because h is compact. Let bz1, . . . , bzlz be
an orthonormal basis of bz with respect to B. Let h1, . . . , hlz be elements of h1 such that
g(hi, b
z
j) = δij , these exist because gh×h is non-degenerate. The isotropy algebra for the
action of G×Rlp is given by
φ−1(h⊕ k) = h0.
Hence if the infinitesimal model (T,R) is regular thenH0, the connected subgroup ofG with
Lie algebra h0, has to be a closed subgroup. Conversely if H0 is closed then the infinitesimal
model (T,R) is regular by [11]. The homogeneous space G(k)/H(k) is isomorphic to
G/H0 ×Rlp . (4.1)
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We will now describe the naturally reductive structure directly on the reductive decompo-
sition associated to (4.1):
h0 ⊕ h1 ⊕m⊕ ap and h0 is the isotropy algebra.
We have an orthonormal basis nz1, . . . , n
z
lz
of nz and n
p
1, . . . , n
p
lp
of np. Let m1, . . . ,mn be an
orthonormal basis of m with respect to g0. We know the formula for the torsion and curva-
ture in this basis. Hence all we have to do is to find a basis f z1, . . . , f
z
lz
, f p1 , . . . , f
p
lp
, e1, . . . , en
of
h1 ⊕m⊕ ap,
such that for the fundamental vector fields the following holds:
f zi (o) = n
z
i(o), f
p
i (o) = n
p
i (o) and ej(o) = mj(o), (4.2)
where o is the chosen origin. Remember that G×Rlp acts on G(k)/H(k) through the map
Φ. Such a basis will give an orthonormal basis of the tangent space at the origin and
thus describe the left invariant metric. Also in this basis the formula for the torsion and
curvature of the naturally reductive connection are as in Definition 5.
For i = 1, . . . , lp we set
f pi := n
p
i + k
p
i ∈ ap.
For i = 1, . . . , lz we set
f zi := −hi.
For i = 1, . . . , n we set
ei := mi + a(mi),
where a(mi) ∈ ap. This basis satisfies Equation (4.2). To illustrate this we consider f zi (o):
f zi (o) = φ(−hi)(o) = −hi + nzi + kzi(o) = nzi(o).
Note that the two factors of G/H0 ×Rlp are in general not orthogonal with respect to the
naturally reductive metric. We will now give an example.
Example 17. In this example we will construct a 1-parameter family of naturally reductive
structures on SU(2) × SU(2)× R3. Let x1, x2, x3 be a basis of su(2) with
[x1, x2] = −x3, [x2, x3] = −x1, [x3, x1] = −x2.
Let gsu(2) be a multiple of the killing form of su(2) which is positive definite and such that
x1, x2, x3 is an orthonormal basis with respect to gsu(2). As base space consider the product
naturally reductive space SU(2) × SU(2) with a flat naturally reductive structure. The
reductive decomposition is:
g = m = su(2)⊕ su(2),
with a metric g0 = (gsu(2)⊕αgsu(2)) for some α > 0. The Lie algebra s is in this case given by
all derivations of g, so s = g. As subalgebra k ∼= b ⊂ s we take b := {(m,m) : m ∈ su(2)}.
We pick the following orthonormal basis with respect to g0:
mi := (1 + α)
−1/2(xi, xi), mi+3 := (1 + α
−1)−1/2(xi,− 1
α
xi)
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for i = 1, 2, 3. The curvature is zero and the torsion is given by
T0 =
1√
1 + α
(m123 +m156 +m264 +m345)− cm456,
where c = (1− α)√1 + α−1/(1 + α). Now m1,m2,m3 is a basis of b. The ad(b)-invariant
metrics on b are all of the form B = 1
λ2
g0|b×b with λ ∈ R\{0}. An orthonormal basis of b
with respect to B is given by bi := λmi for i = 1, 2, 3. We have that
ϕ(k1) = ad(b1) =
−λ√
1 + α
(m23 +m56),
ϕ(k2) = ad(b2) =
−λ√
1 + α
(m31 +m64),
ϕ(k3) = ad(b3) =
−λ√
1 + α
(m12 +m45).
The Lie algebra g(k) = k⊕n⊕m is by Lemma 13 isomorphic to g(k) ∼= k⋉(m⊕a). Lemma 16
gives a Lie algebra homomorphism f : g→ m⊕ a. This gives us that g(k) ∼= k⋉ (f(g)⊕ a).
The discussion above tells us that (T,R) is always regular and that the connected Lie
subgroup of f(g) ⊕ a acts transitively on our space. Hence the naturally reductive space
G(k)/H(k) is isomorphic to the Lie group SU(2) × SU(2) × R3, where the Lie algebra of
R
3 is given by
a = span{f1 := n1 + k1, f2 := n2 + k2, f3 := n3 + k3} ⊂ g(k).
We have
f(mi) = mi −
3∑
j=1
g(mi, bj)(nj + kj) = mi − λfi, f(mi+3) = mi+3.
for i = 1, 2, 3. Let
ei := mi + λfi, ei+3 := mi+3,
for i = 1, 2, 3. Then e1, . . . , e6, f1, f2, f3 spans su(2)⊕ su(2)⊕a and is an orthonormal basis
for the naturally reductive metric. The torsion is given by
T = T0 +
λ√
1 + α
(f1 ∧ (e23 + e56) + f2 ∧ (e31 + e64) + f3 ∧ (e12 + e45)− 2f123)
with
T0 =
1√
1 + α
(e123 + e156 + e264 + e345)− ce456,
where c = (1− α)√1 + α−1/(1 + α). The curvature is given by
R =
λ2
1 + α
((e23 + e56 + f23)
⊙2 + (e31 + e64 + f31)
⊙2 + (e12 + e45 + f12)
⊙2).
It is important to note that even though the homogeneous space is a product the con-
structed naturally reductive structures can not be written as products.
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4.2. Base space Rn
As base space we take the symmetric Euclidean space Rn. The spaces we obtain from our
construction are the 2-step nilpotent naturally reductive spaces. These were first described
in [5]. As naturally reductive decomposition of the base space we have
g = h⊕m = Rn,
where h = {0} and g = m = Rn is an Abelian Lie algebra, thus (T0, R0) = (0, 0). The
algebra s is given by
s = so(n).
Let k ⊂ s be a subalgebra. The torsion and curvature are given by
T =
l∑
i=1
ϕ(ki) ∧ ni + 2Tn and R =
l∑
i=1
ψ(ki)⊙ ψ(ki).
The Lie algebra
g(k) = Rn(k) = k⊕ n⊕ Rn
has by Lemma 13 the following ideal
l := a⊕ Rn.
Since T0 = 0 we have for m1, m2 ∈ Rn that [m1,m2] ∈ a and by Lemma 13 a commutes
with Rn. Hence l is a 2-step nilpotent Lie algebra. This gives us a naturally reductive
structure on the 2-step nilpotent Lie group L, where L is the simply connected Lie group
of l. In particular the infinitesimal model (T,R) is always regular in this case. In this case
it is much easier to describe an orthonormal basis of the tangent space at the origin. Let
n1, . . . , nl be an orthonormal basis of n and m1, . . . ,mn is an orthonormal basis of R
n. We
have that fi = ni+ki ∈ a for i = 1, . . . , l and m1, . . . ,mn ∈ Rn form basis of l such that the
corresponding fundamental vector fields span an orthonormal basis of the tangent space
of the origin. In this basis the formula for the torsion and curvature are just given by the
formulas above. To illustrate how this works we give a concrete example.
Example 18. As base space start with R4 and let k = su(2) ⊂ so(4) be the subalgebra
corresponding to the standard representation of su(2) on C2 ∼= R4. The ad(k)-invariant
metric B on k has to be a negative multiple of the Killing form. In a natural basis we get
ϕ(k1) = λ(e13 + e24),
ϕ(k2) = λ(−e12 + e34),
ϕ(k3) = λ(−e14 + e23),
where k1, k2, k3 is an orthonormal basis with with respect to B. The formula for the torsion
is
T = λ(e13 + e24) ∧ f1 + λ(−e12 + e34) ∧ f2 + λ(−e14 + e23) ∧ f3 + 4λf123.
and the curvature is
R = (2λf23 + λ(e13 + e24))
⊙2 + (2λf31 + λ(−e12 + e34))⊙2 + (2λf12 + λ(−e14 + e23))⊙2,
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The underlying homogeneous space is the 2-step Nilpotent Lie group known as the 7-
dimensional quaternionic Heisenberg group. We will denote it by QH7.
For a Lie subalgebra k ⊂ so(n) we will denote the 2-step nilpotent Lie algebra l obtained
above by nil(k) and the corresponding simply connected Lie group by Nil(k).
4.3. Base space of mixed type
In this subsection the base space is a product of the base spaces considered in the last
two subsections:
G/H × Rk.
Just as before we suppose that g is semisimple and that G/H is naturally reductive with
respect to the canonical connection of the reductive decomposition g = h ⊕ m and that
im(R) = ad(h). Let g be the ad(g)-invariant metric on g from Subsection 4.1. We want
to describe the naturally reductive spaces which are constructed from derivations of g′ :=
g⊕L.a.Rk, where ⊕L.a. denotes a direct sum of Lie algebras. Any such derivation preserves
the direct sum. We have that
s(g′) = s(g)⊕ so(k).
Let k ⊂ s(g′) be a subalgebra with an ad(k)-invariant metric B. Let ϕ1 : k → so(m)
and ϕ2 : k → so(Rk) be the Lie algebra representations defining k. Let k1 := ker(ϕ2),
k3 := ker(ϕ1) and let k2 be the orthogonal complement of k1 ⊕ k3 in k with respect to B.
The projection pi : s(g′)→ s(g) restricted to k1⊕ k2 is injective. We use pi to identify k1⊕ k2
with a subalgebra b1 ⊕ b2 of s(g) = z ⊕ p, where pi(ki) = bi for i = 1, 2. As in Subsection
4.1 we let b1,p := b1 ∩ p and b1,z := b⊥1,p, where the orthogonal complement is taken in b1
with respect to B. In total we now have the following decomposition into ideals
k = k1,z ⊕ k1,p ⊕ k2 ⊕ k3,
with k1 = k1,z ⊕ k1,p. We let the following be orthonormal bases with respect to B:
Span{b1,z1 , . . . , b1,zl1,z} = b1,z, Span{b
1,p
1 , . . . , b
1,p
l1,p
} = b1,p, Span{b21, . . . , b2l2} = b2.
As before let
a1 : g→ g′(k); a(x) :=
l1∑
i=1
g(x, b1i )(n
1
i + k
1
i ),
a2 : g→ g′(k); a(x) :=
l2∑
i=1
g(x, b2i )(n
2
i + k
2
i ),
where bj1, . . . , b
j
lj
is an orthonormal basis of bj with respect to B and n
j
i , k
j
i , are the corre-
sponding bases of nj and kj , respectively. Lastly define
a := a1 + a2 : g→ g′(k).
We get analogous to Lemma 16 that
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Lemma 19. The linear map f : g→ g′(k) defined by
f(x) = x− a(x)
is an injective Lie algebra homomorphism.
The direct sum k = k1,z ⊕ k1,p ⊕ k2 ⊕ k3 gives us also a corresponding direct sum of the
diagonal a = a1,z ⊕ a1,p ⊕ a2 ⊕ a3 ⊂ k⊕ n.
Lemma 20. The algebras nil(k2⊕ k3) = a2⊕ a3⊕Rk and a1,p are subalgebras of g′(k), they
commute with each other and with f(g). Furthermore they both have zero intersection with
f(g), i.e.:
f(g)⊕L.a. nil(k2 ⊕ k3)⊕L.a. a1,p ⊂ g′(k).
Moreover the projection of f(g)⊕ nil(k2 ⊕ k3)⊕ a1,p along h⊕ k onto n⊕m⊕Rk ⊂ g′(k) is
surjective.
Proof. Straight forward check. 
If H ′(k) ⊂ G′(k) is closed then the connected subgroup of f(g)⊕L.a nil(k2 ⊕ k3)⊕L.a. a1,p
acts transitively on the homogeneous space G′(k)/H ′(k) by the above lemma. As before let
φ := f ⊕ i : g⊕ nil(k2 ⊕ k3)⊕ a1,p → g′(k),
where i : nil(k2 ⊕ k3) ⊕ a1,p → g′(k) is the inclusion. Let G × Nil(k2 ⊕ k3) × A1,p be the
simply connected Lie group with Lie algebra g⊕ nil(k2 ⊕ k3)⊕ a1,p. Let
Φ : G×Nil(k2 ⊕ k3)×A1,p → G′(k)
be the Lie group homomorphism with its derivative at the origin given by φ. The isotropy
algebra of G×Nil(k2 ⊕ k3)×A1,p is given by
h′ := φ−1(h⊕ k) = {h+ a2(h) : h ∈ ker(a1|h)}.
Let h0 := ker(a|h) ⊂ h′. Note that h0 is an ideal in h just as in the previous subsection.
Hence h0 is also an ideal in h
′. Let h2 be a complementary ideal of h0 in h
′. Lastly let h1
be a complementary ideal of ker(a1|h) in h, this exists because h is compact and ker(a1|h)
is an ideal in h by the same argument as for h0. Then a1|h1 : h1 → a1,z is a bijection. As
before let {h1, . . . , hl1,z} be a basis of h1 such that g(hi, b1,zj ) = δij .
Let H0 be the connected subgroup of G with Lie subalgebra h0 and let H2 be the
connected subgroup of G×Nil(k2 ⊕ k3) with Lie subalgebra h2. Since the projection of h2
to a2 is injective and Nil(k2 ⊕ k3) is simply connected the subgroup H2 ⊂ G×Nil(k2 ⊕ k3)
is always a closed subgroup and is isomorphic to Rq, with q = dim(h2).
We get that
G′(k)/H ′(k) ∼= (G×Nil(k2 ⊕ k3)×A1,p)/(H0 ×H2). (4.3)
The new infinitesimal model is regular precisely when H0 is closed in G. Now we describe
the naturally reductive structure on the following reductive decomposition associated to
(4.3):
h0 ⊕ h2 ⊕ h1 ⊕m⊕ a2 ⊕ a3 ⊕ Rk ⊕ a1,p ⊂ g′(k),
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where h0 ⊕ h2 is the isotropy algebra. We have an orthonormal basis n1,z1 , . . . , n1,zl1,z of n1,z,
and n1,p1 , . . . , n
1,p
l1,p
of n1,p, and n
2
1, . . . , n
2
l2
of n2, and n
3
1, . . . , n
3
l3
of n3. Let m1, . . . ,mn be an
orthonormal basis of m and let mn+1, . . . ,mn+k be an orthonormal basis of R
k. We know
the formula for the torsion and curvature in this basis. Hence all we have to do is to find
a basis
f1,z1 , . . . , f
1,z
l1,z
, f1,p1 , . . . , f
1,p
l1,p
, f21 , . . . , f
2
l2 , f
3
1 , . . . , f
3
l3 , e1, . . . , en+k
of
h1 ⊕m⊕ a2 ⊕ a3 ⊕ Rk ⊕ a1,p,
such that for the fundamental vector fields the following holds:
f1,zj (o) = n
1,z
j (o), f
1,p
j (o) = n
1,p
j (o), f
2
j (o) = n
2
j (o), f
3
j (o) = n
3
j(o), ej(o) = mj(o),
(4.4)
where o is the chosen origin. Such a basis will give an orthonormal basis of the tangent
space at the origin and thus describe the left invariant metric. Also in this basis the formula
for the torsion and curvature of the naturally reductive connection are just (3.2) and (3.3),
respectively. For i = 1, . . . , l1,z we set
f1,zi := −hi − a2(hi).
For i = 1, . . . , l2 we set
f2i := n
2
i + k
2
i ∈ a2.
For i = 1, . . . , l3 we set
f3i := n
3
i + k
3
i ∈ a3.
For i = 1, . . . , l1,p we set
f1,pi := n
1,p
i + k
1,p
i ∈ a1,p.
For i = 1, . . . , n we set
ei := mi + a(mi).
For i = n+ 1, . . . , n+ k we set
ei := mi ∈ Rk.
Just as in the case in Subsection 4.1 this basis satisfies (4.4). Again as illustration let us
consider the f1,zi (o):
f1,zi (o) = φ(−hi − a2(hi))(o) = −hi + a1(hi)(o) = n1,zi (o).
A simple example of one of these spaces appears in [8]. Here they describe the spaces
(SU(2)×H3)/R, where H3 is a simply connected 3-dimensional Heisenberg group. In the
following example we show how we can obtain these spaces from our construction.
Example 21. As base space we take SU(2)/SO(2)×R2. The first factor is the symmetric
space S2. The infinitesimal model is up to a rescaling given by (0, R = −e12 ⊙ e12).
This gives a reductive decomposition of su(2) = h ⊕ m, with h = span{h = e12} and
m = span{e1, e2}. The Lie algebra s is given by s = span{h} ⊕ so(2) ∼= so(2) ⊕ so(2). We
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pick an element k = (λh, µh) ∈ s, with λ 6= 0, µ 6= 0. Let k be the 1-dimensional Lie
algebra spanned by k and with a metric such that k has norm 1. We have that
ϕ(k) = λe12 + µe34.
In this case k = k2. By Lemma 20 the Lie subgroup SU(2) ×H3 of G′(k) acts transitively
by isometries, where H3 is the simply connected 3-dimensional Heisenberg group. Let h3
be the Lie algebra of H3 and let e3, e4, f1 be a basis with as only non-vanishing Lie bracket
[e3, e4] = −µf1.
The isotropy algebra is given by
h2 = Span{h+ λf1}.
As reductive complement of h2 in su(2) ⊕ h3 we have n ⊕ m = span{f1, e1, e2, e3, e4}.
From the description above {f1, e1, e2, e3, e4} is an orthonormal basis and the torsion and
curvature in this basis are given by
T = f1 ∧ (λe12 + µe34), and R = −e12 ⊙ e12 + (λe12 + µe34)⊙ (λe12 + µe34).
The isotropy group is the connected Lie subgroup with Lie subalgebra h2. It is isomorphic
to R and it is closed for all λ, µ ∈ R. So we have a two-parameter family of naturally
reductive structures on
(SU(2) ×H3)/R.
We give an example which is a bit more interesting and illustrates better how the newly
constructed spaces can look like.
Example 22. As base space we take the product of a particular Aloff-Wallach space
SU(3)/S1 with R4. The isotropy algebra of SU(3)/S1 is spanned by h := Lie(S1) =
span

h :=

 i 0 00 i 0
0 0 −2i



 .We pick the following orthonormal basis for the orthogonal
complement of h with respect to the Killing form:
m1 :=

 0 −1 01 0 0
0 0 0

 , m2 :=

 i 0 00 −i 0
0 0 0

 , m3 :=

 0 i 0i 0 0
0 0 0

 ,
m4 :=

 0 0 −10 0 0
1 0 0

 , m5 :=

 0 0 i0 0 0
i 0 0

 , m6 :=

 0 0 00 0 −1
0 1 0

 , m7 :=

 0 0 00 0 i
0 i 0

 .
The torsion is given by
T0 = −2m123 −m1 ∧ (m46 +m57) +m2 ∧ (m45 −m67) +m3 ∧ (m47 −m56).
The curvature is given by
R0 = −ad(h)⊙2 = −(−3m45 − 3m67)⊙2.
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The S1-invariant vectors are spanned by m1,m2 and m3. Lastly let m8,m9,m10,m11 be
an orthonormal basis of R4. The Lie algebra s is given by
span{h,m1,m2,m3} ⊕ so(4) ∼= u(2)⊕ so(4).
We define the subalgebra k ⊂ s by
ϕ(k1) := λ(ad(m1) +m8,10 +m9,11),
ϕ(k2) := λ(ad(m2)−m8,9 +m10,11),
ϕ(k3) := λ(ad(m3)−m8,11 +m9,10),
ϕ(k4) := µ1ad(h) + µ2(m8,9 +m10,11),
where k1, k2, k3, k4 is an orthonormal basis of k. We consider the case that µ2 = 0. Then
k1 = k1,z = Span{k4} and k2 = Span{k1, k2, k3}. From the discussion above we know that
the new infinitesimal model (T,R) constructed from k is always regular. The connected
subgroup of G′(k) with Lie subalgebra f(g) ⊕ nil(k2) acts transitively on G′(k)/H ′(k) and
the isotropy algebra is trivial. The simply connected Lie group with Lie algebra g⊕ nil(k2)
is SU(3)×QH7. We describe the naturally reductive structure directly on SU(3)×QH7.
As basis for the Lie algebra of QH7 we take
m8,m9,m10,m11, f1, f2, f3,
where mi corresponds to ei−7 from Example 18. An orthonormal basis at the origin is
given by
{f1, f2, f3, f4 = − 1
3µ1
h, e1 := m1 + λf1, e2 := m2 + λf2, e3 := m3 + λf3, ej = mj}
for j = 4, . . . , 11. The torsion in this basis is given by
T = −2e123 − e1 ∧ (e57 + e46) + e2 ∧ (e45 − e67) + e3 ∧ (e47 − e56)
+ λf1 ∧ (2e23 + e57 + e46 + e8,10 + e8,11) + λf2 ∧ (2e31 − e45 + e67 + e89 − e10,11)
+ λf3 ∧ (2e12 − e47 + e56 + e8,11 + e10,11)− 3µ1f4 ∧ (e45 + e67) + 4λf123.
The curvature is given by
R =λ2(2e23 + e57 + e46 + e8,10 + e8,11 + 2f23)
⊙2 + λ2(2e31 − e45 + e67 + e89 − e10,11 + 2f31)⊙2+
λ2(2e12 − e47 + e56 + e8,11 + e10,11 + 2f12)⊙2 + (3µ1)2(e34 + e67)⊙2.
The base space of this example illustrates nicely that there are multiple different choices
for the Lie algebra k. We decided for simplicity to pick µ2 = 0. When µ2 6= 0 we simply
obtain a new naturally reductive space. An other option is to pick µ1 = 0 and µ2 = µ
and then ϕ(k5) = µ(m8,10 −m9,11) and ϕ(k6) = µ(m8,11 +m9,10). In this case k = k2 ⊕ k3,
with k2 = Span{k1, k2, k3} ∼= su(2), k3 = Span{k4, k5, k6} ∼= su(2). We readily see from or
previous discussion that the space is isomorphic to
SU(3)/S1 ×Nil(so(4)),
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where Nil(so(4)) is a 10-dimensional 2-step Nilpotent Lie group described in Subsection
4.2. In all cases the naturally reductive structure is not a product structure.
References
[1] I. Agricola, A. C. Ferreira, and T. Friedrich. The classification of naturally reductive
homogeneous spaces in dimensions n ≤ 6. Differential Geom. Appl., 39:59–92, 2015.
[2] W. Ambrose and I. M. Singer. On homogeneous Riemannian manifolds. Duke Math.
J., 25:647–669, 1958.
[3] J. E. D’Atri and W. Ziller. Naturally reductive metrics and Einstein metrics on com-
pact Lie groups. Mem. Amer. Math. Soc., 18(215):iii+72, 1979.
[4] T. Friedrich and S. Ivanov. Parallel spinors and connections with skew-symmetric
torsion in string theory. Asian J. Math., 6(2):303–335, 2002.
[5] C. S. Gordon. Naturally reductive homogeneous Riemannian manifolds. Canad. J.
Math., 37(3):467–487, 1985.
[6] B. Kostant. On differential geometry and homogeneous spaces. I, II. Proc. Nat. Acad.
Sci. U.S.A., 42:258–261, 354–357, 1956.
[7] O. Kowalski and L. Vanhecke. Four-dimensional naturally reductive homogeneous
spaces. Rend. Sem. Mat. Univ. Politec. Torino, (Special Issue):223–232 (1984), 1983.
Conference on differential geometry on homogeneous spaces (Turin, 1983).
[8] O. Kowalski and L. Vanhecke. Classification of five-dimensional naturally reductive
spaces. Math. Proc. Cambridge Philos. Soc., 97(3):445–463, 1985.
[9] A. Medina and P. Revoy. Alge`bres de Lie et produit scalaire invariant. Ann. Sci. E´cole
Norm. Sup. (4), 18(3):553–561, 1985.
[10] Y. G. Nikonorov. Geodesic orbit manifolds and Killing fields of constant length. Hi-
roshima Math. J., 43(1):129–137, 2013.
[11] F. Tricerri. Locally homogeneous Riemannian manifolds. Rend. Sem. Mat. Univ.
Politec. Torino, 50(4):411–426 (1993), 1992. Differential geometry (Turin, 1992).
[12] F. Tricerri and L. Vanhecke. Homogeneous structures on Riemannian manifolds, vol-
ume 83 of London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 1983.
